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============

In a 1985 paper, Krishnamurthy \[[@CR12]\] introduced *symmetry rules* which strengthen the propositional resolution system to admit exponentially shorter proofs, for instance, linearly sized proofs for the Pigeon Hole Principle. The *global symmetry rule* exploits the automorphisms of the entire input formula. The even stronger *local symmetry rule* exploits the existence of isomorphic images of subsets of clauses within the formula. Szeider \[[@CR19]\] further strengthened Krishnamurthy's proof systems, generalizing the symmetry rules to *homomorphism rules* by considering clause-preserving mappings that are not necessarily injective.

Recently, Kauers and Seidl \[[@CR11]\] lifted Krishnamurthy's most basic symmetry rule, the global symmetry rule, to *Q-resolution* (Q-Res), the standard resolution-based proof system for quantified Boolean formulas (QBFs) in prenex conjunctive normal form (PCNF). They showed that several families of formulas that require exponentially-sized Q-resolution proofs admit polynomially-sized proofs if the generalized symmetry rule is added.

Our main contribution is the introduction and study of proof systems based on Q-resolution that are even stronger than the one studied by Kauers and Seidl \[[@CR11]\]: we lift the local symmetry rule to the quantified setting, as well as the local and global homomorphism rules. A straightforward lifting of the rules from the propositional case to the quantified case insists that the mapping between literals on which the symmetries (or more generally, homomorphisms) operate does not jump between quantifier blocks. A more general version allows a jump between quantifier blocks, as long as the relative position of the variables in the quantifier prefix is preserved. We go even a step further, and parameterize our systems by a *dependency scheme* *D* \[[@CR15]\], and only require the mapping to preserve dependencies according to the chosen dependency scheme. Thus, our systems strengthen Kauers and Seidl's system along three dimensions: from global symmetries to local symmetries,from symmetries to homomorphisms, andfrom quantifier-block preserving mappings to dependencies preserving mappings with respect to a dependency system.

Each of the three dimensions alone provides an exponential speedup.

Figure [1](#Fig1){ref-type="fig"} gives an overview of the proof systems considered in this paper. In the figure, *D* stands for the reflexive resolution-path dependency scheme \[[@CR18]\], a variant of the resolution-path dependency scheme \[[@CR17], [@CR20]\], or any stronger dependency scheme. The separations between $\documentclass[12pt]{minimal}
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*Formulas and Assignments.* A *literal* is a negated or unnegated variable. If *x* is a variable, we write $\documentclass[12pt]{minimal}
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A *truth assignment* (or simply *assignment*) to a set *X* of variables is a mapping $\documentclass[12pt]{minimal}
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*PCNF Formulas.* A *PCNF formula* is denoted by $\documentclass[12pt]{minimal}
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*Q-Resolution.* Q-resolution is a generalization of propositional resolution to PCNF formulas \[[@CR6]\]. Q-resolution is of practical interest due to its relation to search-based QBF solvers that implement Quantified Conflict Driven Constraint Learning (QCDCL) \[[@CR7], [@CR21]\]: the traces of QCDCL solvers correspond to Q-resolution proofs \[[@CR9], [@CR10]\].

Q-resolution proof system consists of propositional resolution and the *universal reduction* rule for dealing with universally quantified variables. This system (Fig. [2](#Fig2){ref-type="fig"}) was shown to be sound and complete for false PCNF formulas \[[@CR6]\].Fig. 2.Derivation rules of Q-resolution for a PCNF formula $\documentclass[12pt]{minimal}
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Dependency Schemes and Q(*D*)-Resolution {#Sec3}
========================================

QCDCL generalizes the well-known DPLL procedure \[[@CR8]\] from SAT to QSAT. In essence, DPLL is a recursive algorithm that picks a variable of its input formula and calls itself for both possible instantiations of that variable. Modern SAT solvers derived from the DPLL algorithm, delegate the choice of which variable to branch on to clever heuristics \[[@CR16]\].

In QCDCL, the quantifier prefix imposes constraints on the order of variable assignments: a variable may be assigned only if it occurs in the leftmost quantifier block with unassigned variables. Often, this is more restrictive than necessary. For instance, variables from disjoint subformulas may be assigned in any order. Intuitively, a variable can be assigned as long as it *does not depend* on any unassigned variable. This is the intuition underlying a generalization of QCDCL implemented in the solver DepQBF \[[@CR13], [@CR14]\]. Dependency schemes are mappings that associate every PCNF formula with a binary relation on its variables that refines the order of variables in the quantifier prefix.[1](#Fn1){ref-type="fn"}

Definition 1 (Dependency Scheme) {#FPar1}
--------------------------------
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The mapping which simply returns the prefix ordering of an input formula can be thought of as a baseline dependency scheme:

Definition 2 (Trivial Dependency Scheme) {#FPar2}
----------------------------------------
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DepQBF uses a dependency relation to determine the order in which variables can be assigned: if *y* is a variable and there is no unassigned variable *x* such that (*x*, *y*) is in the dependency relation, then *y* is considered ready for assignment. DepQBF also uses the dependency relation to generalize the $\documentclass[12pt]{minimal}
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Dependency schemes can be partially ordered based on their dependency relations: if the dependency relation computed by a dependency scheme $\documentclass[12pt]{minimal}
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                \begin{document}$$D_2$$\end{document}$. The more general a dependency scheme, the more freedom a solver has in choosing decision variables. Currently, (aside from the trivial dependency scheme) DepQBF supports (a refined version \[[@CR13], p.49\] of) the *standard dependency scheme* \[[@CR15]\]. We will work with the more general *reflexive resolution-path dependency scheme* \[[@CR18]\], a variant of the resolution-path dependency scheme \[[@CR17], [@CR20]\]. This dependency scheme computes an overapproximation of variable dependencies based on whether two variables are connected by a (pair of) resolution path(s).

Definition 3 (Resolution Path) {#FPar3}
------------------------------
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One can think of a resolution path as a potential chain of implications: if each clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ contains exactly two literals, then assigning $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _1$$\end{document}$ to 0 requires setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _{2k}$$\end{document}$ to 1. If, in addition, there is such a path from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\ell _1}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\ell _{2k}}$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _{2k}$$\end{document}$ have to be assigned opposite values. Accordingly, the resolution path dependency scheme identifies variables connected by a pair of resolution paths as potentially dependent on each other.

Definition 4 (Dependency Pair) {#FPar4}
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The size \|*S*\| of a derivation *S* is the number *k* of clauses in the sequence. A *refutation* is a derivation of the empty clause.

Proposition 1 {#FPar6}
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This definition satisfies several desiderata. First, in the absence of universal variables, it boils down to a previously defined notion of homomorphisms of propositional formulas in CNF. Second, it enables us to transfer Q(*D*)-resolution derivations, as stated in the following lemma.
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Proof {#FPar10}
-----
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This result states that if we apply a *D*-renaming to each clause in a Q(*D*)-resolution derivation, a subsequence of the resulting sequence of clauses is a Q(*D*)-resolution derivation of a clause subsuming the image of the final clause in the original derivation. In particular, the length of the derivation can only decrease.

If any of the conditions of Definition [7](#FPar8){ref-type="sec"} is dropped, then Lemma [1](#FPar9){ref-type="sec"} no longer holds, in the sense that we might obtain derivations that are not syntactically correct. Mapping existential to universal literals may introduce tautologies that are removed by universal reduction, which is unsound in general and forbidden in Q(*D*)-resolution. The same problem can occur if universal literals are not mapped in an injective way. If universal literals can be mapped to existential literals, or independence according to the dependency scheme *D* is not preserved, universal reduction may not be applicable in the image.
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The Homomorphism Rule {#Sec5}
=====================
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Let *D* be an arbitrary but fixed tractable and sound dependency scheme. Let $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar13}
-------
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Proof {#FPar15}
-----
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Lemma 5 {#FPar20}
-------
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In this section, we will use Corollary [1](#FPar16){ref-type="sec"} and Lemma [7](#FPar23){ref-type="sec"} to lift known separations of Q-resolution systems *without* the homomorphism rule to systems *with* the homomorphism rule. First, we show that our assumption from the previous section that the formula $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar27}
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Lemma 8 {#FPar28}
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Corollary 2 {#FPar29}
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Proposition 3 {#FPar30}
-------------
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Theorem 3 {#FPar32}
---------
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Proof {#FPar33}
-----
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Corollary 3 {#FPar34}
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Concluding Remarks {#Sec8}
==================

We have lifted the local and the global homomorphism rule from propositional resolution to the quantified case, introducing several generalizations, including the use of dependency schemes. Although we have established an exponential lower bound for the most general system LH without a dependency scheme, we left open to prove an exponential lower bound for $\documentclass[12pt]{minimal}
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The systems introduced here are incomparable with the proof systems LQU+ \[[@CR1]\] and IR-calc \[[@CR4]\]. Since they are stronger than GS, there are classes of formulas that are easy for our systems and hard for LQU+ and IR-calc \[[@CR11]\]. For the converse, we can apply our construction to the [QParity]{.smallcaps} \[[@CR4]\] formulas and make them rigid, so that they are hard for LH. Both LQU+ and IR-calc can derive the original formula and then proceed with short refutations of [QParity]{.smallcaps}.

There are several possibilities for further strengthening $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf{LH}\mathrm{(D^{rrs})}$$\end{document}$. One possibility is to consider a suitably defined *dynamic homomorphism rule* \[[@CR19]\] which considers homomorphisms between sets of *derived* clauses. Neither of the lower bounds established in this paper applies to proof systems that use such a dynamic rule: all the modifications made to the input formula to achieve rigidity can be undone by a polynomial number of resolution steps so that after these steps symmetries and homomorphisms can be exploited to get short proofs.

Another possibility, somewhat related to the dynamic systems discussed above, is based on the idea of *symmetry recomputation*, as considered by Blinkhorn and Beyersdorff \[[@CR5]\], which exploits symmetries of the input formula after the application of a partial assignment. We think that this idea can be combined with our homomorphism systems.

All these ideas for even stronger proof systems for QBF give rise to challenging theoretical questions that include separation results, as well as lower and upper bounds. Another interesting line of research is concerned with the possibility of utilizing the strength of the various homomorphism rules considered in this paper within a QBF solver.

The original definition of dependency schemes \[[@CR15]\] is more restrictive than the one given here, but the additional requirements are irrelevant for the purposes of this paper.
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